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Implementation of Column Subtraction Approach
for Set Packing Problem

Hee- Su, Hwang

Department of Maritime T ransportation Science
Graduate School of Korea Maritime University

Abstract

Set problems to be made up of special formulation among IP
optimization models have various applications. One of them, ship
scheduling problem has developed into set packing problem and made a
key role in success of shipping management.

A great number of efforts have been made to build not only relevant
optimization models, but also decision support system for ship
scheduling problem. But no means are available to estimate the
efficiency of those algorithms applicable to the optimization model.

This paper aims at implementing column subtraction algorithm
applied to set packing problem, especially to ship scheduling problem.

A Dbrief experiment shows that column subtraction algorithm works
well with the problem, a decision support system which written by OOP
computes for the efficiency of column subtraction algorithm compared to
branch- and- bound algorithm and gives chance to test various

algorithms.



11
(Set Problems)
Balas(1976) (crew
scheduling), (truck deliveries), (tanker routing),
(ship scheduling), (information retrieval),
(switching circuit design), (stock cutting),
(assembly line balancing), (capital equipment
decision), (location of emergency units),

(political districting)

A= (a;) 01 mx n , e 1
mx 1 , C (weights) 1x n
(SC) Min {cx | Axz2 e, x [0, 1]}
(SPK) Max {cx| Ax< e x [0, 1] }
(SPT) Min { cx | AXx e, x [0, 1]}
A j o , A W
A ( : )
C ) :
, LP- ; :

, Genetic Algorithm



VSP(vehicle scheduling problem)
Ronen(1993)

12

"branch- and- bound"

V RP(vehicle

LP-

routing problem)

0-1
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LP-

"branch- and- bound"

"branch- and- bound"
4



"polynomially bounded" , P-
NP(Nondeterministic Polynomial)-
. NP- NP- complete
. NP-complete NP-
, NP- complete
"polynomially bounded" , NP-complete
P-
NP- :
NP- complete
(Set Packing), (Set Partitioning), (Set
Covering) , (Set Problems)
, , (SPK)
(SPT) 0-1 ,
1 (tight) , (SC)
1 (loose) .
(SPK)  (SPT) (SC)
, LP-
Harche  (1994) (Column Subtraction)
2.1
Kim(1999)
LP-



Kim

211 (Implicit Enumeration)
0 1
(Tree
search) ,
212 LP- (LP- Relaxation)
LP-
LP
A
"totally unimodular" LP-
LP-
. Appelgren(1969)
98%
LP- "primal” "dual” "simplex"
. LP- (cutting plane) ,
(Branch and bound) (Tree search) ,
(Column Subtraction)
213 (Lagrangean relaxation)

LP-



"subgradient
optimization”, "multiplier adjustment”

P_ ’
LP- "dual heuristic"
"dual ascent”  "multiplier
adjustment”
214 (Network Relaxation)
"combinatorial optimization"
"combinatorial optimization"

(hidden network) "side
constraints” , "side
constraints” "bound"

LP-
LP-



2.1.5 Genetic Algorithm

"Genetic Algorithm"(GA)
. GA 1975 Holland

(gene) :

GA
(selection), (crossover), (mutation)
(genetic operations)
(chromosome)
(solutions)

"generational approach”

"steady- state approach” . GA - -
2.2
20
, (Liner operation),
(Tramp operation), (Industrial operation)

(ship scheduling)



2.2.1 Appelgren(1969, 1971)

Dantzig  Fulkerson(1954)

. Dantzig  Fulkerson

B )
a i
Xaif]
Dantzig
Fulkerson
Laderman  (1966)
(Ship routing problem)
Laderman
. Whiton(1967)
, Laderman
"rounding off"
Bellmore(1968) Dantzig Fulkerson
. Bellmore
; (utility)
. Bellmore
e
T (e) ;
f) a(e, f) =m(e) - m(M) - v(e ) :

(e,



G*

2.2.2 Appelgren

Appelgren(1969, 1971)

Appelgren

(Set Packing)

[ ]
) k
aljk [0’
Vi = i
[ ]
1,
X = [0’ '
[ ]

Appelgren

- 10 -

(Set Partitioning)



2.2.3 Appelgren

McK ay Hartley(1974) Bellmore  (1971)

Appelgren
Brown  (1987)

, Appelgren(1969)

Fisher  Rosenwein(1989) (bulk cargo)
Fisher = Resenwein Appelgren(1969) Brown  (1987)
Kim(1999)
Appelgren
(SPK-1) (SPK-2)
(1) (SPK-1)
Kim(1999) (SPK-1)

- 11 -



dijk= [é’ I J k
P«= k
hy= ) i
Ji= i
[ ]

1,
Xii = [0’ | ]
[ (SPK-1)]
Max Ziszi(quijkPk)Xij - Ziszihin”
s. t

inj <1 i

IJ
ijZJiCIiiju <1 k

x; = {0, 1}, J I, i
(SPK- 1) i
(2 (SPK- 2)
Kim(1999)

(SPK-2)

- 12 -



[ (SPK- 2)]

Min ZijZJihinij - Zk(l - jZJiziqiijij)pk

Sixi < 1, i
=
ijqujkxlj < 1, k
x; = {0, 1} ] I, i
(SPK-2)
. Kim (SPK-2)
[ ]
, |
dijk= [0 :
Pk= k
hj= i i

- 13 -



[ ]
1, J |
Xi [0’
_[1, i
yl_ 0’
S - [1, k
k 0’
[ (SPT)]
Min Zijzl_hijxij + ZLiYi + kakzk
s. t.
Z}xij + y, = 1, i
] i
= 1, k

ZijZJ_CIiijk + 0z =

xi = {0, 1}, j J ,

Kim
(SPK- 1), (SPK-2)

MoDiSS

2.3 Harche (1994)

Harche (1994)

- 14 -



231

(SPK)
Maximize c¢x
(P) Ax £ e

X [0, 1]
LP- (RSPK:
Relaxed Set Packing Problem)
Max dv (D
P) (A, v e (2)
vz 0 (3
, d= (cj, 0) 1x (m+n) . (for j =1, ..., n)
v= (X, y)T mx 1
, Vi= X (for j =1, ..., n),
Vpei= Yi (fori =1, ..., m). yio V=i

"slack variable"

I= mxm
(generality) , A

(element) O , Cj > 0 (for j =1, ..., n)

(SPK) (RSPK) "simplex"
(RSPK) "simplex" T
T@O “"dual feasible" , f "dual
pivot", T (for k =1, ..., f-1) , T
(SPK) (variable fixing)

- 15 -



Vg = 1 (4)

, vr() TR (for k =0, ..., ) ]

(4) vr(j) 1
. "simplex"
(4)
ik (j£k) (4)
(SPK)
[ ]
S = {r(D, ..., r(jh} (4
L T® ( )t
(k) (K
tines r%st i (5)
T T (sPK) s
T TR ( )
< 1> [Harche (1994)]
HT ék) Vigy € o r(@) S) 1
2T Vip= 1 (. () S)
< > [Harche (1994)]
1 4
-V < -1 (6)
,1(4) S (6)
h TK®
-1 h "dual pivot"

- 16 -



T*K
» TR (5)
T W h
S
2) 1) "dual pivot"

< 2> [Harche

SPK  &-

(1994)]

"dual feasible"

3T éf) "primal infeasible"
"primal feasibility"

(true lower bound)

< > [Harche (1994)]
1)

2) T P "dual feasible"
3) T

"primal feasble"

"dual simplex
"primal feasibility" ,
7 0

S

- 17 -

Vi)

S 1
TK® (
K

"dual pivot"

( )

T éf) "primal”

"primal feasble
, "dual pivot"



< 3> [Harche (1994)]
(SPK) v* .V T

< > [Harche (1994)]

Q= Q" Q¥ . T0
QM Q@
Vey Q1Y T Vi) T
< 1> 1) Vr(]) Vr(]) 1
232
LP Sethi  (1984) "pivot and
probe" (PAPA) , LP-
"simplex"
20 40%
, LP- . ,
(DFS: Depth First Search) , "simplex"
(tree node)
, LP Z\B
C,<C,<...<C, L
=1{1, 2, ..., n}
LP "greedy heuristic"
(SPK) ZIB . ,
[Zug- Z.s]l < 1 "greedy heuristic" (SPK)
"bounding test" o |Zus- Ci| < Zs
j L . L

- 18 -



L "subtraction”

j . |Zue- Cj| € Zis
j "subtraction" . |Zus- Ci| > Zs
, "simplex" j 1
"subtraction”
(SPK)
. Z* : ZIB
z* : L "subtraction”
(SPK)
L
"tree
node" "bounding test"
(node) ,
(tree
level) 1 0
1 "simplex”
1 . "backtrack"
"backtrack" . L
1)
(true lower bound) .
2) : Z\B
3)

- 19 -



LP TG, j) CTG,j)  m+l n+1

, h+1l , m+1
, T(m+1, n+l1) . ZWB  T(m+1,
n+1) . , "heuristic"
, ZIB . "heuristic"
ZIB= -0
(m+1)x n : EQ, )
E . LIFO(last in, first out)

(DFS: Depth First Search)

[ 0] (Heuristic ) "heuristic"

Z1B . ZWB Z1B 0 [ 6] . "heuristic"
ZIB - 00 T

ZWB- ZIB

[ 1] ( Yi=1, .., m+l E(, j) T(i, n+l)

scol 1, index 1, acol point(1) [ 2]

[ 2] ( ) scol scol 1 =1, .., m+l

E (i, scol) E(i, scol-1) T (i, scol)

save_index(scol) index, index index 1 [ 3]

[ 3] ( )i =1, ..., m+l E(, ) ,

Z1B [ 5]
[ 4]

[ 4] ( ) index > n [ 5] . acol
point(index) . E(m+1, scol) T(m+1, scol) £ ZLB [

5] . [ 2]

- 20 -



[ 5] ( ) index save_index(scol) 1, scol scol 1
scol > 0 [ 4] . [ 6]

[ 6] ( )

233

Harche (1994)

Maximize

1829 X1+ 1729 X2 + 1499 X3 + 1080 X4 + 1947 X5+ 1800 X6
+ 1315 X7 + 1263 X8 + 1453 X9 + 1842 X10 + 1238 X11 + 1908 X12
+ 1335 X13 + 1988 XM + 1990 X15 + 1579 X16 + 1165 X17 + 1335 X138
+ 1722 X1 + 1245 XD + 1513 X2L + 1035 X2

Subject to

[ 1] X1+ X2+ X3+ X4+ X5+ X6+ X7 < 1

[ 2] X8+ X9+ X0+ X1+ X2+ XB+ XU+ X5 < 1
[ 3] X+ XI7r+ XBB+ X9+ XD+ XA+ X2 < 1

[ 1] X3+ X7+ XI7+ XD < 1

[ 2] X3+ X6+ X9+ X0+ XBb+ XO+ X2 < 1
[ 3] X1+ X3+ X2+ XB+ X5+ XB+ XB <
[ 4 X5+ X122+ XB+ X+ X7+ XBB+ X2 <
[ 5] X2+ X4+ X8+ X13+ XU+ X5+ XI7+ XB+ X9 < 1
[ 6] X4+ X0+ X1+ XU+ XB+ XA+ X2 < 1

= [ |

1
1

- 21 -



[ ] , LP- Xi> 0

LP- "simplex"
[ 2-1] D 2-1]
Slack , :
Z = 5494.66667 ZWB = 5494 ,
"simplex" .
S , S = { X2 X3 X4 X6 X7 X8 X9 X1,
X3 XBH XI7, X1 X2, X2 S1, S2 S3 S5 S§ S7 S8 S9}
"heuristic" , (BFS:
Breadth First Search) L T(@, n+tl) - S(i, j)
( ,i=1,..,10j=1, .., 22, n=31).
S(i, j) .
: (ZaT) Z1B
, ZIB=0
ZWB —ZIB
S(i, ) S=g
[ 2-17] , S
X , X1 = X10 = XI7 = 1, ZILB = 4836
XI7> 1 LP-
, SPK (Set Packing Problem) XIr= 1
XI7=1 .
XIr=z 1( ,- XIr<-1) LP- "simplex"
"dual pivot" [ 22

- 22 .
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Z1B

m+1

"slack variable heuristic"

[ 0] ZWB = 5494, ZIB = 4836.

"slack variable"

ZWB # ZIB : T Z\B ZIB
, "slack variable"
S' S'(,)) [ 273 , 1 =1, ..., 10,
j=1 .., 6,n=5 S, 6) = T(i, 32).
[ 23 "slack variable"
point() point2) point@) point) point)
s6 s5 s9 s7 s8 RHS Basc Var.
0.33333 0 -0.33333| -0.66667 0 0.33333 x1
-0.33333 0 0.33333| 0.66667 0 0.66667 X5
-05 -05 -05 -05 -05 0 x20
05 05 05 05 0.5 1 s4
-0.16667 0.5 0.16667 -0.16667 -05 0.33333 x10
0.33333 0 0.66667|  0.33333 0 0.33333 x16
0.33333 0 -0.33333 0.33333 0 0.33333 X122
-0.16667 -05 0.16667 -0.16667 0.5 0.33333 x4
0.16667 0.5 -0.16667 0.16667 0.5 0.66667 x19
149.16667| 165.5 184.83333| 267.16667| 311.5 |5494.66667
[ 1] E(i, 1)

E(i, 1) = T(i, 32). scol = 1, index
. save_index(1) =

[ 2] scol = scol + 1 = 2. E(i, 2
save_index(2) = 1,

index =

©

[

index +

- 25 -

2]

3]

1, acol = point(1). point(j) S

= E(i, 1) - S(i, point(1)).
1=2]



[

[

3] E(i, 2) [ 4]

4] index = 2 < 5. acol = point(index) = point(2).

E(10, 2) - S'(10, point(2)) = 5180.00000 > ZLB [

[

2] scol = 3. E(i, 3) = E(i, 2) - S'(i, point(2)).

save_index(3) = 2, index = 3. [ 3]

2]

5]

[ 3] E(i, 3) ZIB = 5180.00000

5] . ZWB - ZIB = 5494 - 5180 = 314 , S
314 , S

[ 5] index = save_index(3) + 1 = 3. scol = scol - 1 = 2.

scol > O [ 4]

[ 4] index = 3 < 5. acol = point(3).

E(10, 2) - S'(10, point(3)) = 5160.66667 < ZLB [

[ 5] index = save index(2) + 1 = 2. scol = 1.

scol > O [ 4]

[ 4] index = 2 < 5. acol = point(2).

E(10, 1) - S'(10, point(2)) = 5329.16667 > ZLB [

[

2] scol = 2. E(i, 2) = E(i, 1) - S'(i, point(2)).

save_index(2) = 2, index = 3. [ 3]

[

[

3] E(i, 2) [ 4]

4] index = 3 < 5. acol = point(3).

E(10, 2) - S'(10, point(3)) = 5144.33334 < ZIB [

- 26 -

2]

5]



[ 5] index = save index(2) + 1 = 3. scol = 1.
scol > O [ 4]

[ 4] index = 3 < 5. acol = point(3).
E(10, 1) - S'(10, point(3)) = 5309.83334 > ZIB

[ 2] scol = 2. E(i, 2) = E(i, 1) - S'(i, point(3)).
save_index(2) = 3, index = 4. [ 3]

[ 3] E(i, 2) [ 4]

[ 4] index = 4 < 5. acol = point(4).
E(10, 2) - S'(10, point(4)) = 5042.66667 < ZLB

[ 5] index = save index(2) + 1 = 4. scol = 1.
scol > O [ 4]

[ 4] index = 4 < 5. acol = point(4).
E(10, 1) - S'(10, point(4)) = 5227.50000 > ZLB

[ 2] scol = 2. E(i, 2) = E(i, 1) - S'(i, point(4)).
save_index(2) = 4, index = 5. [ 3]

[ 3] E(i, 2) [ 4]

[ 4] index = 5 < 5. acol = point(5).
E(10, 2) - S'(10, point(5)) = 4916.00000 < ZLB

[ 5] index = save index(2) + 1 = 5. scol = 1.
scol > O [ 4]

- 27 -

2]

5]

2]

5]



[ 4] index = 5 < 5. acol = point(5).
E(10, 1) - S'(10, point(5)) = 5183.16667 > ZLB

[ 2] scol = 2. E(i, 2) = E(i, 1) - S'(i, point(5)).
save_index(2) = 5, index = 6. [ 3]

[ 3] E(i, 2 [ 4]

[ 4 index=6> 5[ 5

[ 5] index = save_index(2) + 1 = 6. scol = 1.
scol > 0 [ 4]

[ 4 index=6> 5[ 5

[ 5] index = save_index(1) + 1 = 1. scol = 0.

scol = 0 [ 6]

[ 6]
X5= X¥=XD= 1, Z&PT = ZLB = 5180.00000.

ZCPT = 5180.0 , LINDO Optimizer

4836.0 4916.0

- 28 -



2
31
GUI(Graphic User Interface) ,
(OOPL)
4 , Windows 98, Pentium CPU
311
GUI ; ; , LP
, LINDO
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Fig. 3.1 System Flowchart
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Fig. 3.2 4 "DB Engine"

E ( 5 ecduing wm - [Data Tables]
& Fle Data Fun  Pepot Window Help =l
L] ojgjm a6
#lofa | lelnlel=]|
Stip Diafa | Cargo Data| Distance Tabis | .
ShpiD Hame Sire [Voyagetiost |Eatksitost |OpenDate [intFos|Carg) =
C 1 ] 2 Wb 8040l Bib A
I 2 |Faith 200 141 V20 GE-04-01  SE A
] 3 Grace 200 43 125 Be-0d-01 Carna (&
] 4|Helpes | 155 33 80401 SEN A
E 5| Hopa 120 24 W12 aE-nd-01 Bib -
] & ¥ind | W0 WS040l Cuma A
] 7| Lava 150 187 Vzeendeil Bib A
] 4 [Marcy 150 54 W8 EE-0d-01 Salv A
] 9 Mlers e} K= 132 es-id-01 Sab A
E 10 [Shalam w0 15 126 530401 Bib A
[ 11 Vs o 15 V20 20401 Duma A
[ 12 Wichory a5 144 e EE-n-0l Bib A
B 14| Hanara =i} 1= 42 38001 Szl oA
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3.3
Algorithm CSA_SPK(S) (Column
Subtraction Algorithm for Set Packing Problem) (pseudocode)

Algorithm CSA_SPK(S)

1 S RSPK(S) Solve the Relaxed SPK(S)

2 TI[I[l <« NIL Initialize the entry of final tableau for RSPK
3 E[][l « NIL Initialize the entry of Cumulous Column

4 Slack[] <« NIL Initialize the List of Slack Variables



5 ZWB ZIB ~ 0 Initialize the Upper and Lower Bound

6 point[] « NIL Initialize the Column Index of Slack List

7 scol - O Initialize the Cumulous Coumn Index

8 acol - O Initialize the Column Index of final Tableau
91i,j,index « 0 Initialize the Index for Row and Column
10n - O Initialize the Counter

11 save index[] — NIL Initialize the List of Saved Index

12 ZUB ~ a Rounded Off Value of Relaxed SPK Solution
Set the Upper Bound

13 ZLB ~ a Heuristic Solution, If any
Set the Lower Bound

14 for Final Tableau of Relaxed SPK(S)

15 {
16 n « n+1
17 i« i +1
18 j <~ j+1
19 TIilljl < the [i, j]th entry of final tableau
Set the entry of final tableau for RSPK
20 Slack[n] — Slack Variable's Value
Set the List of Slack Variables for Subtracting
21 if(Check Slack Variable's Value)
22 point[n] — Index for the Slack List
Set the Index
23 '}
24 for each row
25 E[i][1] « Tl

Set the first entry of Cumulous Column with
the last Column of Final Tableau

26 scol, index « 1 Set the Index

27 acol ~ point(1) Set the Column Index for Slack List

28 ForwardStep(S)
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FowardStep(S)

1 scol « scol + 1

2 for each row |

3  Eli][scol] ~ EJi][scol-1] - T[i][acol]
4 save_index[scol] ~ index

5 index < index + 1

6 IntegralityCheck(S)

IntegralityCheck(S)

1 for each row

2  if(Check Nonnegative Integer Solution)
3

4 ZIB ~ the Nonnegative Solution
5 BackT rack(S)

6 }

7 else

8 CheckStep(S)

CheckStep(S)

if(Check the Number of Slack List)
BackT rack(S)
acol ~ point[index]
for Last row
if(Check New Lower Bound Condition)
BackT rack(S)
else

0 N O o B~ W NP

ForwardStep(S)
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BackT rack(S)

1 index ~ save index[scol] + 1
2 scol ~ scol - 1
3 if(scol > 0)
4  CheckStep(S)
5 else
6 Print ZLB
Algorithm CSA_SPK(S) 1 11 , 12 13
, 14 23
"slack variable"
24 28 "slack variable"
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3

LINDO Optimizer "branch- and- bound"

4.1
[ 41 [ 43
[ 4-1]
i i Laden | Empty . Initial
Ship ID|] Name Size Initial Date Type
Cost Cost Port
1 Angel 300 $82 $46 99- 04- 01 Bilb A
2 Faith 200 $41 $20 99- 04- 01 Sabi A
3 Grace 200 $43 $22 99- 04- 01 Duma A
4 Helper 260 $55 $30 99- 04- 01 Sabi A
5 Hope 120 $24 $16 99- 04- 01 Bilb A
6 Kind 300 $80 $52 99- 04- 01 Duma A
7 Love 150 $37 $24 99- 04- 01 Bilb A
8 Mercy 150 $34 $22 99- 04- 01 Sabi A
9 Miems 300 $76 $38 99- 04- 01 Sabi A
10 Shalom 260 $59 $28 99- 04- 01 Bilb A
(ID) )
(Size) (1000 DWT) . (Profit),
(Laden Cost), (Empty Cost) us
Dollar($/ ) , 1
(Load. Port), (Disch. Port),
(Initial Port) (Ship's Type)
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(Cargo Type)

[ 472
Cargo i .| Load Disch | .
Name Size | Profit Load.Date Disch.Date |Type
ID Port Port
1 Khafji 110 | $96 | Khaf | 99- 04- 18 Bilb |99-05-09 | A
2 Scapa 200 | $69 | Scap | 99- 05- 26 Bilb |99-06-01 | A
3 Sullo Voe 100 | $35 Sull | 99- 04- 28 Bilb |99-04-30 | A
4 Teesport 100 | $32 | Tees | 99- 04- 16 Bilb 199-04-21 A
5 Dubai 97 | $45 | Duba | 99- 04- 11 |Duma | 99- 04- 24 A
6 Khafji 300 | $157 | Khaf | 99- 05-14 |Duma |99-05-28 | A
7 Ras Tanura | 300 | $153 | Rast | 99-05-01 |Duma |99-05-15 | A
8 Curacao 253 | $80 | Cura | 99- 04-13 Sabi |99- 04- 21 A
9 |Puerto lacruz | 150 | $69 | Puer | 99- 05- 12 Sabi |99-05-22 | A
10 | Ras Tanura | 101 | $129 | Rast | 99- 05- 10 Sabi |99-06-13 | A
11 Trinidad 250 | $90 Trin | 99- 06- 12 Sabi |99-06-22 | A
12 Khafji 150 | $85 | Khaf | 99- 04- 16 Bilb |99-05-01 | A
13 Scapa 150 | $120 | Scap | 99- 04- 17 Bilb |99-04-29 | A
14 Trinidad 200 | $105 [ Trin | 99- 04- 19 Sabi |99-05-06 | A
15 Teesport 250 | $100 | Tees | 99- 04- 23 Sabi |99-01- 09 A
4- 3] (Day)
Port Name Bilbao Dumai Sabinda
Curacao 14.5 35.6 7.8
Dubai 19.8 12.7 32.2
Khafji 21 13.9 33.4
Puerto la curz 14.2 35.1 9.6
Rastanura 20.8 13.6 33.1
Scapa 5.5 27.5 17.3
Sullomvoe 5.7 29.3 17.6
Teesport 4.9 28.5 17.8
Trinidad 13.7 34.6 9.1
3
(Size), (Disch. Date)
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(Load. Date),

"simplex

LP-

"branch- and- bound"

50 ,

500

4.2

1 3%

LP-

LINDO "branch- and- bound"

LINDO

GUI

10 30 , 10

Appelgren(1969) 1 2%
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, "non- zero", "density"

[ 4-4 [ 46

[ 4-4] 10
Ship & Cargo Constraint Variables Non- Zero Density
Min 16 33 72 0.11447
10 x 10 Max 20 245 710 0.15317
Ave 18.65 110.36 278.05 0.13068
Min 23 120 279 0.07616
10 x 20 Max 30 1031 3267 0.12043
Ave 27.71 389.87 1092.97 0.09961
Min 32 253 617 0.06612
10 x 30 Max 40 1932 6656 0.09796
Ave 36.57 852.51 2543.19 0.08011
Min 39 607 611 0.00682
10 x 40 Max 50 4405 15412 0.08181
Ave 45.42 1545.15 4788.61 0.06734
Min 45 786 2228 0.05056
10 x 50 Max 59 5038 17546 0.07722
Ave 54.31 2524.76 8139.98 0.05865

[ 4-5 20
Ship & Cargo Constraint Variables Non- Zero Density
Min 25 67 129 0.06876
20 x 10 Max 30 624 1798 0.10851
Ave 28.85 234.31 589.03 0.08548
Min 34 262 628 0.06135
20 x 20 Max 40 2028 6538 0.08616
Ave 37.96 792.89 2229.48 0.07268
Min 40 560 1506 0.05332
20 x 30 Max 50 4319 14747 0.08164
Ave 46.44 1645.45 4934.54 0.06348
Min 47 939 2473 0.04589
20 x 40 Max 60 7170 25761 0.06601
Ave 55.56 3106.54 9687.33 0.05529
Min 57 1666 4634 0.04266
20 x 50 Max 70 15146 56058 0.06101
Ave 64.39 5029.32 16252.30 0.04934




’

"non- zero" A 1
, "density"  3.2.2
[ 4-6] 30
Ship & Cargo Constraint Variables Non- Zero Density
Min 36 115 248 0.05000
30 x 10 Max 40 829 2526 0.07912
Ave 38.95 366.45 927.53 0.06371
Min 44 529 1319 0.04896
30 x 20 Max 50 2800 9044 0.06973
Ave 47.73 1175.92 3312.66 0.05799
Min 49 933 2375 0.04450
30 x 30 Max 60 6655 23766 0.06458
Ave 56.55 2574.10 7722.46 0.05211
Min 58 591 1257 0.03272
30 x 40 Max 70 10290 36628 0.05692
Ave 65.76 4178.05 12912.43 0.04592
Min 65 3131 8715 0.03650
30 x 50 Max 79 15401 56257 0.05349
Ave 73.08 7072.19 22768.82 0.04347
"density” 6.6%,
4.3%, 13.1% 15,401
[ 47]
, LINDO Branch-
and- bound , [ 48 "branch- and- bound"
[ 47
"branch- and- bound"
"branch- and- bound"
9.4% 34.6%
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‘ Density |LINDO( )‘Column( )l

10 10 All Problems have Integer Solution
338 25 0.11219 1.2 0.05 0.041
10 20 549 28 0.02687 1.1 0.01 0.001
367 26 0.11171 0.88 0.06 0.069
636 32 0.08820 0.99 0.05 0.051
10 30 1086 37 0.08071 1.76 0.22 0.125
989 33 0.09232 1.59 0.17 0.107
2253 47 0.06949 3.73 0.50 0.134
10 40 2116 45 0.07310 4.23 0.55 0.130
1605 50 0.06004 2.64 0.27 0.102
3279 53 0.06257 6.43 3.57 0.555
10 50 2321 58 0.05486 5.77 1.64 0.284
2069 57 0.05452 5.33 0.44 0.083
20 10 246 28 0.09858 0.44 0.05 0.114
20 20 All Problems have Integer Solution
1308 49 0.05604 3.95 0.50 0.127
20 30 3050 47 0.07053 9.12 1.53 0.168
1835 43 0.07119 2.25 0.27 0.120
2877 55 0.05506 8.84 2.36 0.267
20 40 5794 57 0.05850 27.91 20.21 0.724
2877 55 0.05506 8.84 2.36 0.267
3022 61 0.04907 10.77 3.46 0.043
20 50 4855 64 0.04863 14.55 4.89 0.336
5966 67 0.04765 27.85 3.57 0.128
30 10 All Problems have Integer Solution
30 20 790 48 0.05367 1.32 0.22 0.167
1054 47 0.05664 1.75 0.17 0.097
2529 59 0.04912 4.60 0.50 0.102
30 30 2761 54 0.05702 4.39 0.61 0.139
3168 60 0.05125 5.16 0.72 0.140
3797 66 0.04478 11.15 3.07 0.275
30 40 3555 66 0.04479 14.28 3.13 0.219
3094 66 0.04362 8.96 1.75 0.195
9112 71 0.04824 15.16 6.43 0.424
30 50 6149 75 0.04122 10.11 2.80 0.277
6896 76 0.04256 11.7 3.13 0.268
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[

4- 8] "branch- and- bound"

branch- and- bound( ) | Column Subtraction( ) (%)
X min max ave min max ave min max ave
10x20 | 0.210 | 1.650 | 0.925 | 0.001 | 0.280 | 0.076 0.1 31.8 9.4
10x30 | 0.940 | 2.030 | 1.429 | 0.050 | 0.380 | 0.187 5.1 18.7 12.7
10x40 | 1.370 | 4.230 | 2.861 | 0.110 | 0.880 | 0.405 8.0 51.8 15.1
10x50 | 3.020 | 6.430 | 5.061 | 0.380 | 3.570 | 1.176 8.3 55.5 21.4
20x10 | 0.440 | 0.440 | 0.440 | 0.050 | 0.050 | 0.050 | 11.4 11.4 11.4
20x30 | 2.250 [11.870| 5.932 | 0.270 | 2.360 | 0.901 9.1 59.7 15.9
20x40 | 5.880 [27.910|11.675] 0.770 |20.210| 4.978 | 13.1 72.4 34.6
20x50 | 9.280 |160.870]28.461| 1.260 |25.320| 6.600 2.3 89.4 33.8
30x20 | 1.320 | 1.750 | 1.535 | 0.170 | 0.220 | 0.195 9.7 16.7 13.2
30x30 | 1.980 | 5.390 | 4.196 | 0.160 | 1.480 | 0.694 8.1 27.5 15.1
30x40 | 7.850 [14.280(10.954| 1.430 | 3.130 | 2.501 | 18.2 27.6 22.6
30x50 | 7.910 [15.160(10.840| 1.600 | 6.430 | 3.203 | 18.4 42.4 27.6
"branch- and- bound"
Lindo  "branch- and-
bound"”
"pivoting" "ratio" (pivot element)
2
“gr
, (Option) LINDO
Optimizer ,
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