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Abstract
In the present paper, we obtain sharp results concerning coefficient es-
timates distortion theorem, closure theorems and radius of convexity for the
class S*(p,n, A\, A, B). We also obtain class preserving integral operators of

the form

F(z) = ~ /th‘lf(t)dt (c > —p)

0

for the class S*(p,n, \, A, B). Also we determine radius of p-valence of f(z)
when F(z) € §*(p,n, A\, A, B). Furthermore we obtain distortion theorem for

the fractional integral.
1. Introduction

Let A, denote the class of functions f(z) of the form

f(z):zp+2ak+pzk+" (pe N=1{1,2,3,---}) (1.1)

k=1
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which are analytic in the unit disk U = {z : |z| < 1}.

Let f(z) be in Ap and g(z) be in A,. Then we denote by f * g(z) the
Hadamard product or convolution of f(z) and g(z), that is, if f(2) is given
by (1.1) and ¢(z) is given by

o0
9(2) = 2"+ ) begp2**? (peN),
. k=1

then

o0
f*g(z) =2+ Zak+pbk+pzk+p.
k=1

Let

R A e S
where n is any integer greater than —p.
Particularly, the symbol D" f(z) was named the n-th order Ruscheweyh
derivative of f(z) by Al-Amir [1]. Recently, some classes defined by us-
ing the symbol D"*?~! f(z) were studied by Goel and Sohi [4], Sohi [9] and
Owa [6, 7].

Now we introduce the following classes by using the symbol D"*P~ f(z).
For A>0,-1<A<B<1landn> —p,let S(p,n,\, A, B) be the class
of functions f(z) of A, for which

D1-1f(:) | | D™ f(2)

zP 2P

(1-24)
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is subordinate to (14 Az2)/(1+ Bz). In other words, f(z) € S(p,n, A, A, B) if
and only if there exists a function w(z) analytic in U and satisfying w(0) = 0,

|lw(z)| < 1 for z € U, such that

Dtr=1 () N /\D"'“’f(z) _ 1+ Aw(z)

(1=4) zP zP "~ 14 Buw(2)’

Let T, denote the subclass of A, consisting of functions of the form

f(z) =2 - Z ak+pzk+p (ak4p 2 0).
k=1

We denote by S*(p,n, A, A, B) the class obtained by taking intersection of
the class S(p, n, A, 4, B) with T,.

The classes $*(1,0,,2a — 1,1) with 0 < a < 1 and S*(1,n, ), A, B)
have been studied by Bhoosurmath and Swamy [2] and Chen, Yu and Owa
[3], respectively.

2. Coeflicient estimates

Theorem 1. A function

oo

f(z) = 2P — Zak+pzk+p (ak+p > 0)
k=1

is in the class S*(p,n, A, A, B) if and only if

i(k+p+n—1)!(n+p+z\k)a <B—-A
(n + p)lk! =148’

(2.1)

k=1
where A > 0,1 <A< B<1,0<B<1andn>—p. Theresult is sharp.
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Proof. Suppose that f(z) € S*(p,n, A, A, B). Then we have

Drr7if(z) | (DM z) 1+ Aw(z)

h(z)=(1-2%) zP zP " 1+ Buw(z)

for)\>0,—1§A<B§1,0<B§1,z€Uandw(z)€H={w(z)
analytic, w(0) = 0 and |w(z)| < 1 for z € U}. From this we get

1 - h(z)
w(z) = Bz -4
Since
- Pz f(z)) AT ~ (k+p+n—1)
DMl f(z) = 2 L7/ k+p
f(z) (n+p—1) ‘ ; (nt+p— DIkl *7
therefore
X (k+p+n=1ln+p+ k) x
h(z) =1~ kz (n + p)lk! Uktp?
=
and |w(z)| < 1 implies
~(k+p+n—1ln+p+ k) K
Z Ak4p<
— (n + p)'k! P (
<1 2.2)
Z(k+p+n—1n+p+ k) .
B-A)-B
(F=4) kz:: (n + p)'k! e
Since |Re(z)| < |z| for all z, we have
i(k+p+n— Di(n+p+ Ak)a "
- (n + p)'k! ik
Re LD T o Vs <1  (23)
+p+n—-1)(n+p+ k
=1
- 12 -
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We consider real values of z and take 0 < r = |z] < 1. Then, for r = 0, the
denominator of (2.3) is positive and so it is positive for all 0 < r < 1, since

w(z) is analytic for |z| < 1. Then (2.3) gives

z:(k+p+n—1)'(n+P+Ak) ko B-A (2.4)

(n + p)IK! T =11

Letting r — 1, we obtain (2.1).
Conversely, suppose that f(z) € T, and satisfies (2.1). For |z| = r,
0 < r < 1, we have (2.4) by (2.1), since r¥ < 1. So we have

(ktptn—-DintptAk)
(n + p)'k! LiP

Dﬂg

k=1

(k+p+n—1n+p+ Ak) .

Pﬁg

Qk+pT
= (n+ p)k!
(k+p+n-1l(n+p+Ak) k
<(B—A)_Bkz (n + p)lk! Qk+pT
o~ (ktptn-—Dlintp+rk) 4
<|\(B-4)-B), CENSIT Gk’

which gives (2.2) and hence follows that

DU f(z) |\ DS() | 1+ Au(z)

(1= zP 2P " 14 Buw(z)’

for A\ >0, -1 < A< B<1,z2¢€Uandw(z) € H Thatis, f(z) €
S*(p,n, A\, A, B). The function

(n+p)k!(B—A) k+p
(k+p+n—1)!(n+p+ Ak)(1+ B)

f(z) = 2P — (ke N) (2.5)
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is an extremal function.

Corollary 1. If a function
[o o]
f(z) = 2P — Zak+p2k+” (ak+p = 0)
k=1

is in the class S*(p,n, A\, A, B), then

(n+p)kl(B - A)
k+p+n—-1(n+p+ Ak)(1+ B)

ak+p < ( (kEN).

The equality holds for the functions given by (2.5).

3. Distortion theorem

Theorem 2. If f(z) € S*(p,n, A, A, B), then

B-A
(ntp+N(1+B)

B—A
<yP p+1
St eI rr N+ B)

r? P f ()

(Iz] =),

and, for A > (n + p)/p
(p+1)(B - 4)
(n+p+/\)(1+B)

(p+1)(B—4)
(n+p+ )1+ B)

P <|f'(2)

prP~1 —

<prP~! +

r? (|z| = r).

The results are sharp.
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— 1!
Proof. Since (k+p -,ic-'n 1! 1s an increasing function of k, we have,

from Theorem 1,

> B-A
E;%”S(n+p+Mﬂ+Bf (3.3)

Hence
|F(2) < |2P + iak+p|2lk+” <P P iakﬂ’
k=1 k=1
ST e (=0,
Similarly,

(e o}

|f(z)| > |2|P — Zak+p|2|k+p

k=1

B—A
p —_— p+1 —_— .
= Tt NI+ B (Il =)

Thus (3.1) follows. Also, in view of the inequality (2.1) and (3.3), we have

- 1(B-4A -
(k +plartp < 5 (m —(n +P—/\P)Zak+p)

k=1 k=1

<1(B-A( n+p-)p

“A\1+B n+p+ A
(p+1)(B - 4)

- (n+p+ )1+ B)
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This implies that

1/ (2)] < plzPP~t + D (k + plarsplzl P

k=1

<pr?7t 1Py (k4 plaksy

k=1

(p+1)(B—A) rP (lzl =7")
(n+p+)\)(1+B) ’

<prP7l 4
Similarly,

|f'(2)] 2 PIZI”'1 R Z(k + p)ak+p|z|k+l’—1
k=1

_ANBoA)
(n+p+ )1+ B) :

> pr?~!

The bounds are sharp for the function

B-A p+1
f(z) =27 - (n+p+/\)(1+B)Z + (3.4)

4. Closure theorems
Theorem 3. Let
o0
fi(z) =2F - Zai,k+pzk+p (Gik+p 2 0)
k=1

is in the class S*(p,n, A, A, B) for each 1 = 1,2,---,m. Then the function

h(z) = 2P — %i (i ai,k+P> ke

k=1 \k=1
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is in the class S*(p,n, A, A, B).

Proof. Since fi(z) € S*(p,n, A, A, B) for eachi=1,2,---,m, we have

Z(k+p+n—1)!(n+p+)\k)a. <B—A
(n + p)'k! WktP > 14 B

by Theorem 1. Hence we obtain

X (k+p+n—Dln+p+rk) [ 1 .
2 (n + p)'k! (;% 2 “"”‘*")

k=1
1l v (k+p+n—1Di(n+p+ k)
- me«l Lz_:l (n + p)'k! Giktp

IA

1 i B-A B-A4

m 14+ B 1+B

which shows that h(z) € S*(p,n, A\, A, B).
Theorem 4. Let f,(z) = 2P and

frap(z) = 2" = (n + p)Ik!(B — A)
k+p(2) = Ftptn-1l(n+p+rk)1+B)

&P (ke N).

Then f(z) € S*(p,n, A\, A, B) if and only if it can be expressed in the form

F(z) =D Akapfrap(2),

k=0

o0
where Ag4p 2 0 and Zx\kﬂ, =1.

k=0
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Proof. Suppose that

f(z) = Z Ak+p frtp(2)
k=0

(n+p)k!(B — A)
n—1)!(n+p+ A)1+ B)

oo
____ZP_ Y k+p'
g(’c+p+ e

Then

i (k+p+n—1!(n+p+ Ak)(1+ B)
P (n+p)lk!(B — A)

\ (n + p)KY(B — A)
P+ ptn—1)(n+p+ AR)1+B)

=Y Mpp=1-2,<1.

k=1

Hence, by Theorem 1, f(z) € S*(pyn, A, A, B).
Conversely, suppose that f(z) € S$*(p,n, A\, 4, B). Since

(n + p)lk!(B — A)

< ke N),
ak+p_(k+p+n-1)!(n+p+)\k)(1+B) (kenN)
we may set
(k+p+n—1)!(n+p+/\k)(1+B)
A =
k+p (Tl+p)'k'(B—-A) Ak+p (kEN)

and

Ap=1=3 Mgy
k=1
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Then
oo
f(z) = Z Aktpfr4p(2).
k=0
This completes the proof of the theorem.

5. Radius of convexity for the class S*(p,n, A, A, B)

Theorem 5. If f(z) € S*(p,n, A, A, B), then f(z) is p-valent for |z| <

rp, where

o —inf {(k+P+n—1)!(n+px\+k(1+B)p)
P % (n + p)k!(B — A)(k +p)

r' (k € N).

The result is sharp.
Proof. It is sufficient to show that

f'(z)

2p—1 —p‘ <p

for |z| < rp. Now

1 P

e E R
k=1

P~

Thus
f'(z)

zPp-1

<

if

3 ( - p) aksplzlF < 1. (5.1)

k=1
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But Theorem 1 confirms that

“ (k+p+n-Dln+p+ Ak) 1+ B
Z( p Mn+p X )

< 1.
(n + p)IE{(B — A) aktp < 1

k=1

Thus (5.1) will be satisfied if

k+p (k+p+n—Dl(n+p+Ak)(1+B)
(——) ak+p|2|k < (n + p)kI(B — A) Qk4p (k€ N),

or if

(k+p+n=1)(n+p+ k)1 + B)p]*

2l < [ (n+ p)'kY(B — A)(k + p) (5:2)

The required result follows now from (5.2). The result is sharp for the func-

tion given by (2.5).
By using the similar method of the proof in Theorem 5, we have

Theorem 6. If f(z) € S*(p,n, A, A, B), then f(z) is p-valently convex
in the disk

(k+p+n—1)\(n+p+ )1+ B)p?]*

(n + p)!k!(B — A)(k + p)? (k€ N).

* — inf
|z} <7y in

The result is sharp for the function given by (2.5)..

Remark. (1) Puttingp=1,n=0,B=1land A=2a-1(0<a< 1)
in the above theorem, we get the results obtained by Bhoosnurmath and
Swamy [2].

(2) Putting p = 1 in the above theorems, we get the results obtained by
Chen, Yu and Owa [3].
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6. Integral operators

Theorem 7. Let ¢ be a real number such that ¢ > —p. If f(z) €
S*(p,n, A, A, B), then the function F(z) defined by

ZC

F(z) = 2+ ° /0 "1 £ (1) dt (6.1)

also belongs to S*(p,n, A, A, B).
Proof. Let

I
f(z)= 2 = 3 akep P (akep 2 0).
k=1

Then, from the representation of F (2), it follows that

- p+c k+
F(z) = 2P E: P
(2) : k=1k+p+c 7
Therefore,
i(k+p+n—1)(n+p+/\k) ptc B-A
ak+ps )
— (n + p)'k! k+p+c 1+ B

since f(z) € S*(p,n, A, 4, B). Hence, by Theorem 1, F(z) € S*(p,n, A\, A, B).

Theorem 8. Let ¢ be a real number such that ¢ > —p. If F(z) €
S*(p,n, A, A, B), then the function f(z) defined in (6.1) is p-valent for |z| <

R,, where

—in (k+p+n—1)!(n+p+Ak)(1+B)p(p+c)%
R”_kf[ (n+ pEI(B — Ak +p)(k+p+o) ] (k € N).

~-921 -



Nak Eun Cho, Hyun Jeong Kim and Choon Il Park

The result is sharp.
Proof. Let

o o]
2) =P — Zak+p2k+p (ak+p 2 O)

It follows from (6.1)that

1=c d k+p+c k
— —(2°F(z)) = 2 — § —t ?,
f(z) = () =z 2 oo Ak4p2

To prove the result, it suffices to show that

£@)

zP—1 <P

4

for |z| < R,.
The remaining part of the proof is similar to that of Theorem 5. The

result is sharp for the function

(n+p)kY(B - A)k+p+ec) e+
(k+p+n—Di(n+p+r)1+B)p+ec).

f(z) = 2# - (k€ N).

7. Factional integral
In 1978, Owa [5] gave the following definition for the fractional integral.

Definition 1. The fractional integral of order é is defined by

D21 =5 [ L=
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where § > 0, f(z) is an analytic function in a simply connected region of the
z-plane containing the origin and the multiplicity of (2 — ¢)®~! is removed

by requiring log(z — () to be real when (2 — ¢) > 0.

Theorem 9. Let a function

oo

f2) =27 =Y akip P (ak4p 2 0)
k=1

be in the class S*(p,n, A, A, B). Then we have

s T(p+1) | s fq (p+1)(B-A4) ,
D201 2 e - G e B
and
- _Plp+1) | pss (p+1)(B - A4)
|D72f(2)| < 1ﬂ(erlJré)lz'I"”L {1+ (p+1+6)(n+p+)\)(1+B)lz|}

for 0 < § < 1 and z € U. The result is sharp.

Proof. Let
I'(p+1+6) =

F(z) = ~EL 227D ()

-Z k+p+1 F(p+1+5)a Lk+p
‘T(k+p+1+8T(p+1)
= 2P = ) A(k)ak4pz"t?,
k=1
where
L'(k nr 146
A(k) = (k+p+1)I'(p+1+46) (k€ N).

T(k+p+1+6T(p+1)

- 923 -
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Since

p+1
0< Ak < A(l) = ————
(k) < A(1) p+1+46

we have, with the help of Theorem 1,

|F(2)] 2|2]P — AP ak+p
k=1
Z'le“ (p+1)(B—A) |z|p+l

(p+1+68)(n+p+2)(1+B)

and
|F(2)] <|2P + AP aksy
k=1

(p + 1)(B o A) lzlp+1
(p+1+8)(n+p+ )1+ B) ’

<|z|? +

which prove the inequalities of Theorem 9. Further, the equalities are at-

tained for the function given by (3.4).

Corollary 2. Under the hypothesis of Theorem 9, D; % f(z) is included

in the disk with center at the origin and radius

F(p+1) {1+ (p+1)(B-4) }
T'(p+1+9) (p+1+8)(n+p+N1+B)J
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