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1. Introduction

Let Zp denote the class of functions of the form

Q1) fe) =i+ Y e (@20 peN= {12
n=p

which are analytic and univalent in D = {z:0 < |z| < 1} with a simple pole
at the origin with residue 1 there.

A function f(z)in ), is said to be a member of 3 (4, B) if it satisfies

‘<\A+B-Z—£LZ—2

2f'(2)
1 )

(1.2) )

for—1§A<B§1,0<B§1andzED.

In particular, the class 3_,(—1,1) was studied by Padmanabhan [5] and
the class 5,(4,B) when A = B(2a — I) and B = B0 < a<1and
0 < B < 1) were studied by Mogra, Reddy, and Juneja [4].
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The aim of the present paper is to investigate coefficient estimates, dis-

tortion properties and radius of convexity for the class ZP(A, B). Further-
more, it is shown that the class ZP(A,B) is closed under convex linear

combinations, convolutions and integral transforms.

2. Coeflicient estimates

Theorem 1. Let

]
N | =
+
[~
Q

3

N

3
~~
[~

b

Vv
(o)
:—/

f(z)
be regular in D. Then f(z) is in the class ZP(A, B) if and only if

(2.1) f:{(n+1)+(A+Bn)}an <B-A,

n=p

for—1§A<B'§1and0<B51.
Proof. Suppose that

(o o]

F@ =14 an”,  (an20),
n=p
is in 3° (4, B), Then
2f'(2) 1 Z(n + 1)a, 2"
f(2) _ n=p <1
zf'(z) &
A+BTZ) (B—A)% - r;p(A+Bn)anzn
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for all z € D. Since Re(z) < |z| for all z, we have

Z(n + 1)a, z"

(2.2) Re "1=” . <1, (ze€D).
(B - A); - nzz:p(A + Bn)anz

2f'(z) .
f(2)

clearing the denominator in (2.2) and letting z — 1 through positive values,

Now choose the values of z on real axis so that is real. Upon

we obtain

Z{(n +1) 4+ (A+ Bn)}a, < B — A.

Conversely, suppose that (2.1) holds for all admissible values of A and
B. Then we have

H(f, ') = 12f'(z) + f(2)| = |Af(z) + Bzf'(z)]

o0 . 1 oo .
= Z(n-&— Dapz"| - |(B - A); - Z(A+ Bn)anz
n=p n=p
or
2| H(f, f')
<Y (n+Danlz|"™ = (B= A)+ ) _(A+ Bn)an|z|"H
n=p n=p

Z (n+ 1)+ (A + Bn)}a,|z|"t — (B - A).
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Since the above inequality holds for all r = |z|, 0 < r < 1, letting r — 1, we

have

i{(n +1)+(A+Bn)la, <B-A
n=p

by (2.1). Hence it follows that f(z) is in the class }_ (4, B).

Corollary. If the function

f(z)= % + Zanz"

n=p
is in the class ) (4, B), then we have
B-A
2. n < ) 2 p)
(2:3) ? ~(n+1)+(A+ Bn) (n2p)
The result is sharp for the function
1 B-4
2.4 a(z)=— " > p).
(24) PG =t r DT arBy . 2P

3. Distortion properties and radius of convexity

Theorem 2. If the function

f(z) = —i— + Z a,z"

n=p
is in the class }° (4, B), then we have
1 B-4 |2|P
2| (p+1)+ A+ Bp
1 B-A
<|IfR) <= + |27

[l T (p+1)+ A+ Bp
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The result is sharp.
Proof. Suppose that f(z) is in > ,(4, B). By Theorem 1, we have

i B-A
= =G+ T A+ By
Thus
1f(2)] <7 it IZI”Zan
1 B-A
<=+ P,
G (1D+1)+A+Bp|zI
Also,
|£(2)| >|—— 1Py
n=p
1 B-—A
s, ?,
T " G0+ ATBp
The result is sharp for the function
B-A
f(z) = 2P

(p+1)+A+Bp

Theorem 3. If the function

fle)=2+ > on:

is in the class ) (4, B), then f(z) is meromorphically convex of order &
(0< 6 <1)in |z| <r =r(4,B,6), where

_ g (=9t 1) +(A+ Br) 4
T(A,B,a)—;zfp{ o e } .
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The result is sharp.

Proof. Let f(z)isin ) (A, B). Then, by Theorem 1, we have
4

(3.1) Z(n+1)+(A+Bn) a < 1.
n=p
It is sufficient to show that
21" (2)
24 <1-$§
l f'(2)

for |z| < r(A, B,é), where r(A, B, §) is as specified in the statement of the

theorem. Then

oo
n(n+ 1)a,z""*
f(z) 1 -
2 Znanz
n=p
oo
Zn(n + 1a,|z|*H!
<=

[o ]
1- Z na,|z|"*!
n=p

This will be bounded by 1 — ¢ if

(3.2) Z 2(711—_*_—2(5__6)&"'2'"“ <1

n=
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By (3.1), it follows that (3.2) is true if

n(n+2—26) 41 (n+ 1)+ (A + Bn)
- = 7 < >
U B-A . (n2p)

or

-

1

,  (n>p)

-+

(1- 8){(n+ D+ (A+ Bn)} | "
(3.3) 2] < { (B — A)n(n+2-296) }

Setting |z| = (A, B,6) in (3.3), the result follows. The result is sharp for
the function
B-A

1 n
(3.4) O ey MU

Remark. A function f(z) € 3_, is said to be meromorphically convex

of order § (0 < 6 < 1) if
el (1+ LD} s6 cen

4. Convex linear combinations and convolution properties

1
Theorem 4. Let fo(z) = . and

1 B—-A n
f"(z)=;+(n+1)+(A+Bn)z’ (nZP)'

Then

fo) = 4 Y

n=p
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is in the class Z-p(A, B) if and only if it can be expressed in the form

f(2) = Xofo(2) + D Anfal2),

n=p

where/\OZO,/\nEO(an)and)\o-}—Z/\n:l.

n=p

Proof. Let

f(2)=20fo(2) + D Anfal2),

n=p

with A9 20, A, 20 (n 2 p) and Ao + ¥ Ay = 1. Then

n=p

f(2) =Xofo(2) + D Anfal2)

n=p
= B-A n
_Z+'§’\"(n+1)+(A+Bn)z '
Since
i(n+1)+(A+Bn) B- 4 _i/\
Z B-A "(n+1)+(4+Bn) "

=1_/\0S1,

by Theorem 1, f(z) is in the class ZP(A, B).
Conversely, suppose that the function f(z) is in the class >_,(4,B).

Since
B-—A
< >
Rl ) Sy pry s (n 2 p),
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setting
o DB,
and
do=1-> A,
n=p

it follows that

f(2) = Xofo(2) + Y Anfal2).

This completes the proof of the theorem.

oo oo
For the function f(z) = ! + Z a,2" and g(z) = %+ Z b, 2" belonging
z

n=p n=p

to 3_,, we denote by (f * g)(z) the convolution of f(z) and g(2), or

(F+9)(&) =2+ Y anbaz".

oo

+ Zanz" and g(z2) = % +

n=p

Theorem 5. If the function f(z) =

N =

Z bnz" are in the class 3 (A, B), then

n=p

(Fro)z) =2+ anbuz™
n=p

is in the class ) (4, B).
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Proof. Suppose that f(z) and g(z) are in > ,(4,B). By Theorem 1,

we have

<1

n+1)+ A+Bn
Z( ) ( )

and

Since f(z) and g(z) are regular in D, so is (f * g)(2). Furthermore,

i (n+ 1) + (A + Bn)anbn

g{(n+1)+(A+Bn)} o~

<

n=p

[g{(n+1)+(A+Bn)} } [2{(n+1)B+_(xj14+Bn)}bn}
<1.

Hence by Theorem 1, (f * g)(z) is in the class 3 (4, B).

5. Integral transforms

In this section, we consider integral transforms of functions in ZP(A, B)

of the type considered by Bajpai [1] and Goel and Sohi {3].
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N |-

o0
+ E apz™ is in the class

n=p

Theorem 6. If the function f(2) =

>_p(4, B), then the integral transforms

1
F.(2)= c/(; u f(uz)du, (0 <c< )

are in the class 3 (A, B).

—

Proof. Suppose that f(z) = — + anz" isin 37 (A, B). Then we

N

have

Since

i(n+1)+(A+Bn) can
= B-A n+c+1

i n+1)+ A+Bn)

n

by Theorem 1, it follows that F.(z) is in the class ZP(A, B).
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