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On The Bayes Estimation for the Availability
of Parallel System

Hee-Sook Jung , Jang-Wook Kim

1. Introduction

We consider a maintained parallel system consisting of N nonidentical
components/repalr facilitics, each of which has exponentially distributed failure
and repair times. More precisely, for the i-th component, suppose that 4,
failure/repair cyeles arc observed, xi, Xy, Xa o arc independent  failure times
distributed exponentially with the mean time between failures(MTBIE) 0, and
Vi, ¥, Y, AlC independent repair times distributed exponentially with the
mean time heween repairstMTBR) - p,, then the i-th component availability is
definded as

b

(1.1) A=

Since the parallel system unavailability A is the product of the component

unavailabilities, A= Ii?l_,, we obtain Bayes estimator of parallel system
4

availability A=1-A. 'The Bayes estimators —are carried out under the
noninformative and conjugate prior distributions.

By Sandler(1963), the parallel system unavailability A is the product of the
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component unavailabilities;

3 A Hi
(1.2) A= ll_‘le,»— ,=1( 0},“;).
Thus, the parallel system availability becomes
—1_"a_ _ M
(1.3) A=1-A=1- I ( T )

Sandler(1963) considered the system availability estimation for the two
identical components in parallel system with one repair facility that the failure

times for the two identical components are exponentially distributed with

failure rate -g and the repair time for repair facility is exponentially distributed

with repair rate ;1; Thompson and Springer(1972) carried out the Bayesian

analysis of system availability on the N-component subsystem. Thompson and
Palicio(1975) investigated a numerical procedure for computing Bayesian
confidence intervals for the availability of a series or parallel system consisting
of several independent two-state subsystems, whose failure and repair times
are distributed exponentially.

The purposes of this thesis are to propose and study some Bayesian point
estimators of the parallel system availability for a maintained paralle] system
consisting of N nonidentical components/repair facilities, each of which has
exponentially distributed failure and repair times. We will also compare
numerically the proposed Bayes estimates of the parallel system availability
with the other estimates using Martz and Waller's data (1982).

2. Preliminaries

(1) The Prior Distributions :

Ever since the original scheme was proposed by Bayes, a crucial problem
has been the prior distribution g(6). How does one select a known prior
distribution with density £(6) to express the uncertainty about the unknown

parameter 6?7 There may be some empirical evidence obtained through earlier
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experiments. It help us decide on the prior distribution (0. On the other
hand, one can decide () or at least a class of prior £(0) on a subjective
basis or in a normative way. Various rules have been suggested and it
appears that there is no best solution of the problem. The prior distribution
£(0) represents all about the parameter 6 (either scalar or vector) with

empirical data. Prior distribution may be categorized in different ways.

(2) Loss Functions :
Let @ be a decision-maker’s "best” guess of the unknown 6 relative to a

loss function /1.(0.0). Then the Bayes estimator is the guessed value which

ACC

minimizes the posterior expected loss A 1L(F.0)] = j_wL(()A,(?)n(Htxl,xg,---,x,l)d(;,

In particular, if the loss function is the squared error L(8.6)= (7 —6)°%, then,

provided it exists, the Bayes estimator is the posterior mean.

(3) Bayes Estimators of 6 :

The joint probability density function of (X, Xs, . X,.0) is

My, oy, x,, O)= [ljlf(x, | O)g(0)=1(0;x), x5, x,)8(0).

Bayes” Theorem tells us that the posterior density for 6 given the data
(xy,29,°,x,) 18 proportional to the product of the likelihood for ¢ given
(x, 29,7+, x,) and prior density for 6.

Since the marginal probability density function of (X 1 Xy, X)) 1S

p(Xl,Xg,-'-,X,‘):fgh(xl,xg,---,x”, 0)d6,

the conditional probability density function of & given the data (x,x.,---,x,) 18

h(xlvxilv.“yxn’ 9) _ L(&xlvxrjr-“’xn)g(o)
pxy, %, 00, x,) JQL(&XL,xz,"‘.Xn)g(ﬁ)dﬁ.

”(ﬂ | —L\'l;-‘\‘jjy T, xn) =

Finding the posterior distribution becomes the Bayes estimator. When the

squared error loss is used, the Bayes estimator of ¢ in the above set up 1%

0" =FE(0 | x|, x4, .%,) = [Q 076 | xy, %5, -+, 2,)db.
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3. Baycs cstimators of the system availability

We assume that the failure times for the N nonidentical components are
exponentially distributed with MTBF's 6y, 6, and 6, ,respectively, such that
@D m(xi | 6)= exp( ’éf).x,»>0, 6:50, i=1,", N,
and the repair times for the N nonidentical repair facilities are exponentially

distributed with the MTBR’s uy, 43,--and up , respectively, such that

.. 1 i -
(32) ho(vi | ) == exp( o ) 350, 250, i=1, ..., M.

For the i-th component, we obtain the likelihood function of 7, and Ty, for

given 6, and g,

T, T,
(3.3) L’( sz" T}’;‘ I Biv /‘l) B " );

(0, Y exp( 0w
£
where &, is the observed failure/repair cycles, 7T.= ,lei, is total operating

.
time, where x; is the j-th failure time, 7,= ’Zly,; is total repair time, where
T, is the j-th repair time. Now, we introduce some integrations for useful

calculations of the expectations, as follow,

(3.4) fomx“—‘exp(—tz)dz= t °I'(a) and
(3.5) meb—lexp(l—x)”_b'l(l ) Cdx= —[K—)T[(%—b)- Fila, bigt)
(2)i(8);

for |¢] <1, ¢>b>0, where ;Fi(a,bch= Z‘b 0. ¢ is a confluent hypergeometric

function in Gauss’ form for |#]<1 with (2= {52 (Erdélyi,1953).

31. Under the noninformative prior distributions

We assume that the MTBF's 6, and MTBR's g, have independent

noninformative prior distributions, respectively,
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lu , 050, w0 and

i

(3.1.1) Sii

(3.1.2) Solpi) oo =, >0, v:>0.
[y

Then, we have the following lemmas and a theorem.

Lemma 3.1 The joint posterior distribution of @, and 4, for the i-th component is

T
kot kit o-1 v v,
(T,) FFeior ) exp[~( AR )}

Nkt u—=D kit v=1) 0" 7"

(31.3)  ALO0, 40,1 T, T,)= L 050, 400,

where 7(-) ts a Gamma function.

Progf. From (3.3),(3.1.1) and (3.12), the joint posterior distribution of 4, and g,
becomes

L{T., T, 1 0;,2)/£0/24,)
LT 7 0, 0000 DO,

YU

(3.1.4) N0 i1 Ty, Ty) =

The denominator of (3.1.4) reduces to
Al Al T
—(ki+u) —(k+uv) x;
(3.1.5) »’u -,{U 0; - exp[—( 01 Hi )]dﬁ'dﬂz
_ — kot 1) e (ko) T
(oo o o]

. ke T, kit wu; " ey T, kot v )
By(3.4), .J(, 0" ”exp( '*’*‘)dﬁ,‘; %ﬂvkzéu 1) ,j() " exp(f '5)(1’/1['—' X L “

Ve

which completes the proof.

Lemma 3.2 The posterior distribution of the i-th component unavailability A, - i3 Is
kot u—1
/ Tl‘ ! ‘ —_— v _— 1, —
- [72)  a-AmEy e
(3.1.6) gl A|NT,, T,)= 2t T

Blki+u—1,k+v,—1)

af1 L
=)

14

o . . 4 . .
where 0¢A.<1 and B(-,-) is a Beta function and & = s the service factor.

Proof. First, we find the posterior distribution of - g To do this, let 7, 4,
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Then the joint posterior distribution of (&:,7) is

T(a - | T ): ( T-({) k{.+u,.~1( Ty[) ki+ v‘-—l( 7,‘8,‘) —(k+ i(,-)Yi—(k,+ v—1) _ Txi s Y‘N{
1\0i, Vi xe Loy [(k,'f‘ u;,— l)nk‘-{— v— 1) exp 7;81~ ._.—7i )] .

Hence, the marginal posterior distribution of &, is

08| Tup T,) = [ Alrdsri| Toa T 1T dr
(T ) k,v+u,-—1( T ) kit vi—1 a'kg+u‘~—2
X y: i
Bkt ui— 1, kit ;= D ( Ty + 8;T,) 747

Therefore, the posterior distribution of the i-th component unavailability 4, is
2l AN T T,) =2l A =11 Ta, T,) A&

T kitui—1
( TI.' ) ( Az) k;+u;—2(1 _ Az) kit v;=2
Yi

= 2kt utv—2 ¢

— T,
B(ki+ui=1, kit v,— 1)[1 — Ai(l - T‘ )]
yi

Theorem 1 Under a squared error loss function, the Bayes point estimator of

the parallel system availability A; is

(0 e T
(3'17) A;lzl_ ﬁ( y‘yl )( k1+u1 L )zFl(l,le;+u,~;2ki+ u,-+v,-—1;1— Ty,),

=1 2 2k,'+ u,—+ v,-—2

T, 3 . . .
where 0¢< T" <2 and .F(abch is a confluent hypergeometric function in

Gauss’ form.

Proof. Since we use a squared error loss, we are only to find the posterior

mean of the i-th component unavailability A, as follows

(3.1.8)

_— | W — —
B\ Th, T,) = | Aiel(Ail Te, T,)dA;

(T kit u—1 _ : LT,
_( Txi )( 2k1+ u[+vi—2) ZFl(lyki+ui:2ki+ui+vi—1,1_ Tx[).

Hance, the posterior mean of availability is

Az"1=1" ﬁ

=1

TY.' kz+ ui—l . . Tyi
( Tx,- )( 2k,+ ui+ v,-—2 )X zFl(l,ki‘i‘ u,-,Zki-l- u,-+ v, 1,1 - Tx,~ )

3.2. Under the conjugate prior distributions
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We  assume  that the MTBF's 9, and MTBR's g, have independent

conjugate prior distributions, respectively,

o h’l' a;+1 b}

(3.2.1) f*f"“’f)“mﬁf) exp(— 5] 00,4620 and
o . dy o d;

(3.2.2) i) & 53 (—3;) Cxp( ~—;), 150, e d> 0.

Then, we have the following lemmas and a theorem.

Lemma 3.3 The joint posterior distribution of 0, and , for the 1-th component 18
(3.2.3)
( Tx, + bz) fira ( Ty, i d:) %

I ‘_L o~ ‘
Tkt a )kt C’i)gik‘+a'+lllz’k'ﬂ'+l CXD[ 6i(7,,+ b;) #1_( T, +d)l|,

Tf;-( O, ;1 Too T,)=
where 6,50, #,>0 and 1(-) is a Gamma function.

Proof. The joint posterior distribution of 6, and x, 1s
1‘{( Tx,-v Ty, ‘ {)iv /li)f.'jl( 0[)f4)(.ui)
[ LT T ) 006000 )0

(3.2.4) Sl Oy pi | To, Ty) =

The denominator of (3.2.4) becomes

G Al

—(hta+l) —(k+e+]) 1 /4 N Sy
(325 b b 0 “ e"p[ g, (Tetb) = (1 "‘l”")]‘mfd i

i
Iy mtkrar 1 L (kretD) 1
= [ Jn 0; pr{ 0. (T, + b,-)}dﬁ,][ (} 75 exp{ m (T, + dz)}d/u].

For i-th component, the joint posterior distribution of 6, and 4, is

(T +0) " ™(Ty+d) """ Lt py—L(r 4d
1,( bt (1,)[(/\?,'“)' Cl_)gl_lel+a,»+1ﬂi/el+c,+1 CXD[ 8 X, z‘) Ui ¥ 1)]

72—1( 01', " ! Tt,v ,]‘,\',) =

Lemma 3.4 The posterior distribution of the i-th component unavailability A,= ﬁ 5 1S
T, +b;

T, +d;

kit+a;
- ( ) (L= H el hret
(326) gg,-( A ' ,[‘T‘, T_\,!) =
B(k;+ a;, kit ci)[l —‘AT-(l -

2kitaitce

Tr, + bi
T
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— . . b . .
where 0<A4,<1 and B(-,-) is a Beta function and .- /[‘ is the service factor.

Proof. By the samc manner of proof in Lemma 3.2, the posterior distribution

6 .
of 8,-—#' is

!

EZ_&((X‘ | 7., T,) = _10 f_Zi(/‘iai,/‘i | Ty, Ty)u:, du;
( Txi + bz) Ryt a;( Tyi + d,) kit c,vaik‘._*_ =1
Blki+ a;, kit c)L(Ty+ b))+ 8( T, +dp] #o%e

Therefore, the posterior distribution of the i-th component unavailability 4, is

Totb\ "% — hton
(s (@a-dhe
Yi z

2ki+a+ce; o

;) » W . T .
th(‘lll jr[’ y,) (k k ) 1 J— 1 Txi } bi
Bki+ai kit c)| 1 - Af1-—F
i [ ( y‘,+d; )]

Theorem 2 Under a squared error loss function, the Bayes point estimator of
the parallel system availability A, is

. Ty +di\|  kita . Tyt
(3.2.7) Azz—l_ ﬁl( Tx‘_l_bi )( 2ki+ai+ci) ZFl(l; ki+ai+ly2k[+ai+c[+ 1;1_ Tx,-+ bi )1

T,+d; . . . .
where 0 ot b <2 and ;F(abcH is a confluent hypergeometric function in

Gauss’ form.

Progf. By the same manner of proof in Theorem 1, the posterior mean of the

i—-th component unavailability 4, is

(3.2.8)

B(A| T., 1)) = | A (Al Ty, T,)dA;

7
T,.+d; kit a; T, +d
(775

) zFl(l,k,-+a,-+1;2k,-+a,~+c,-+ L, 1— T +b )

2k;+ ai+c;
Hence, the posterior mean of availability is
A:z =1- zlle(I [ Tx,«v Ty,-)

To+di\|  kita _ T, +d;
=1- Ijl( T+ b; )( 2k,-+a,~+c,~) L kit it L2kt ait ol == 0.
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4. Examples

There is a repair facility for each component, and it is assumed that the
repair rates are identical. Each component’s availability is independent of the

other. The following failure/repair data were obtained by

Component 1 Component 2
Failure Times Repair Times Failure Times Repair Times
74.3 0.5 128.3 11.8
19.0 10.1 17.8 4.8
26.7 2.8 478 36
88.5 1.2 "7 5.0

(Martz and Waller’'s data, 1982)

Simulation used the mean time between failures (MTBF), 6,=60 and the
(MTBR),

availability( 4,) is equal to 0.996. From the data,

mean time between repairs u;=4. The true value of system

bi=d, k=4, T,=285,

7,=11.6, T,=19.1 and 7,=25.2. Thus, Bayes estumates of the parallel system

availability are computed by Theorem 1 and Theorem 2. Consequently, under

the noninformative priors, for u,=1, v,=3, w—=1 and v,=3, Bayes estimate of

the parallel system availability is near the true value, and under the conjugate
DI‘IOI‘S, fOI‘ Lllﬁl, b1:2, d1=1 a_nd a:_»:l, b2:2,

=2, ;=2 and d4,=1, Bayes

estimate of the parallel system availability is near the true value.
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