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Abstract: The concepts of fuzzy almost continuous, fuzzy 6-continuous and:

nisq

fuzzy weakly continuous have been introduced in [9,14]. The aim of this paper ::z;

is mainly to study and to find the mutual interrelations among these concepts.::.a:

1. Introduction

The concepts of fuzzy almost continuity and fuzzy weakly continuity, defined

by Azad [1], were introduced by VYalvac [14] using the concept of
quasi-coincidence. Recently, Mukherjee and Sinha ([8,9] also defined and

studied certain types of near—fuzzy continuous mappings between fuzzy - ;

topological spaces, some of which were independent of and the restrictly

weaker than fuzzy continuous mappings.

The notions of fuzzy &-closure and fuzzy &-closure of a fuzzy set in fuzzy -

topological space were introduced by Ganguly and Saha [4] and Mukherjee and
Sinha [9], respectively. These concepts were very interesting in the study of
those some near—fuzzy continuous mappings between fuzzy topological spaces.

In this paper, we show that fuzzy almost continuity implies fuzzy
g—continuity and to give some sufficient conditions for fuzzy 6—continuous
(fuzzy weakly continuous) mapping to be fuzzy almost continuous. And we study

some properties of fuzzy 6—continuous mappings on fuzzy topological spaces.
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2. Preliminaries

Fuzzy sets of a nonempty set X will be denoted by the capital letter as 4,
B, C, etc. The value of a fuzzy set 4 at the element x of X will be denoted by
4(x), and fuzzy points will be denoted by p and 7. And pE A4 means that fuzzy
point p takes its non-zero value in {0,1]1 at the support xp and plxp) <A(xp)
(see in [6]). For definitions and results not explained in this paper, the
reader were referred to the papers [1,2,13,14 and 15] assuning them to be well
known. The words “fuzzy” , “neighborhood” and “fuzzy topological space”
will be abbreviated as “f” , “nbd” and “fts” , respectively.

Definition 2.1 [6]. let 4 and B be f.sets of X and let p be f.point in X. p
is said to be quasi—coincident with 4, denoted by pa4, if plxp) + Alxp)) 1 or
plxp) ) 47 (xp). 4 is said to be quasi-coincident with B, denoted by 4B, if
there exists x€X such that A(x)+B(x) ) 1.

Theorem 2.1 [6]. Let 4 and B be f.sets of X. A<B if and only if 4 and B’
are ‘not -quasi—coincident denoted by 4/B".

Theorem 2.2 [2,14]. Let f:X—>Y be a mapping and let 4 and B be f.set of X
and Y, respectively. The following statements are true:
(a) f(A) <fC4), FHB=f1(B)".
(b) ASS(fA)), F(f1(B))<B.
(c) If f is one-to—one, then fr1(f(4))=4.
(d) If f is onto, then f(f-1(B)) =B.
—- (e) 1f f is one-to-one and onto, then f(4) =f(4").

Let f be a mapping from X to Y. Clearly for every f.point p in X, f(p) is a
f.point in Y, and if suppp=xp then supp(f (p)) =S (xp), f(p) (f(xp)) =pl(xp). If
p is a f.point inY then f~1(p) need not be a f.point in X. If f is one-to—one
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and p is a f.point in f(X) then f~1(p) will be f.point in X In this case if
suppp=yp then suppf~1(p) =f~1(yp) and f~1(p) (f~1(yp)) =p(yp) [14].

Theorem 2.3 {14]. let f:X-—=Y be a mapping and let p be a f.point in X,
(a) If BLY and f(p)qB, then pgf~1(B).
{b) If A<X and pgd, then f(p)qf(4).

I

Definition 2.2 [6]. Let X be fts and 4 be f.set of X. 4 is g-nbd of a“
f.point p if there exists a f.open set B such that pqB<A4.

Theorem 2.4 [6]. Let 4 be f.set of X and p be a f.point. pEA if and only if
for each g-nbd B of p, BgA.

3. Fuzzy 6-continuity
Let f be a mapping from a fts X to another ftsY.

Definition 3.1, f is said to be
" (a) f.6-continuous if for each f.point p in X and each f.open g-nbd ¥ of
| f(p), there is a f.open g—nbd U of p such that () <vial,
(b) f.almost continuous if for each f.point p in X and each for f.open gq-nbd
v of f(p), there is a f.open g-nbd U of p such that f) < W)or14l,
(c) f.weakly continuous if for each f.point p in X and each f.open g¢-nbd V

of f(p), there is a f.open g-nbd U of p such that f(V) <vV[14].

Theorem 3.1. Every f.almost continuous mapping is f.6-continuous.

Proof. Let f:X—>Y be f.almost continuous. lLet p be f.point in X and let ¥
be f.open q-nbd of f(p). Then by f.almost continuity of f, there is a f.open

g-nbd U of p such that f(U) ()0, We show that f(U)<V and then complete the

proof. Let there exists a f.point r in X such that rel and f(r) ¢ V. Since
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f(r)(f(Xr));Q;(f(Xr)), f(r)q(?)'. Then (¥)' is f.open g-nbd of f(r). Since f
is f.almost continuous, there exists f.open q-nbd W of r such that f(M <

((7)")o=(¥)". But since r€lU, we have WqU. Hence f()q¥)'. This is contrary
to the fact that f(U) LoLy.

Clearly, f.6—continuous mapping is f.weakly continuous. And f.almost
continuous mapping is f .6—continuous. But that the converse need not be true

is shown the following examples.

41

Example 3.1. Let x=[0,11, 71={X,¢,4} and 12={X,¢,B}, where

f‘;- x=0 % x=0
Ax) = B(x)=
0, x=0, 0

Let f:(X,71)—>(X,72) be the identity mapping. Then f is f.6-continuous but

not f.almost continuous.

Let p be a f.point in (X,71) and ¥ be any f.open g-nbd of flp) in (X,72). If
¥=B, then we choose U=4 and then U is a f.open q-nbd of p such that f(E) =4
Again, ¥=B=B". Hence F(U)<¥. In case V=X, the conclusion is obvious. Hence

f is f.6—continuous.

 Let us consider the f.point p=(0,%). Now B is a f.open g-nbd of f(p) in X,

1,), and 4 and X are f.open q-nbd of p in (X,71). But f(A)$(§)° and f(X)$(§)9

Thus f is f.almost continuous.

Examlpe 3.2. Let X=[0,1], T, ={X,0,4,B} and T2={X,9,C}, where

o

+ x=0 2 x=0 L. x=0
460 =|° B(x) = tzo Clx)= [4
0 0 0, x*=0
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Let f:(X,T1)—>(X,72) be the identity mapping. Then f is f.weakly continuous
but not f.6—continuous.

Let p be a f.point in X. If xp=0, then ¥=X is only f.open q-nbd of f(p),
and then =X is a f.open g-nbd of p such that f(U) =¥, Suppose xp=0, and V
is a f.open g-nbd of f(p). If ¥=X, the case becomes trivial. So let ¥=C.
Then p(xp) )-3— so that B is a f.open q-nbd of p such that f(B)=B<C=C'. Thus

f is f.weakly continuous.
Now consider the f.point p=(0,i—é) in X. Then C is a f.open g-nbd of f(p).

Let U be any f.open q-nbd of p. Then U=B or X, and f(U)=4" or X (according

as U=B or X) <’_‘¢'§<—3=C'.. Hence f is not f.6-continuous.

Definition 3.2 [4]. A f.point p is said to be a f.5—cluster point of a f.set
4 if and only if every f.regularly open q-nbd U of p is q—coincident with 4.
The set of all f.8—cluster points of 4 is called the f.5—closure of 4 and is
denoted by [4)-. A f.set A is f.8—closed if and only if 4=[4]-and the

complement of a f.56—closed set is called f.&-open.

Definition 3.3 [9]. A f.point p is said to be a f.é—cluster point of a f.set

A4 if and only if for every f.open gq-nbd U of p, 7 is q—coincident with 4. The
set of all f.6——cluster point of 4 is called the f.6-closure of 4 and is
denoted by [4le. A f.set 4 is f.6—closed if and only if A=[A]e and the
complement of a f.6—closed set is f.6-open.

It is easy to see that 4<[4] <[4]e, for any f.set 4 in a fts X. And for a

f.open set 4 in a fts X, 4=[4) =[4)e[9].

Lemma 3.1. For a f.semi-open set 4 in a fts X, A=[4]-.

Proof. It is sufficient to show that [4]-<4. Let pE [4] - such that PEA.
- 21 -
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Then there exists a f.open q-nbd ¥ of p such that Vg{A. Since A4 is f.semi-open,

there exists a f.open set G such that G<A<G. Then ¥<4’ <G =V<G’ =G’ =(V)°
S(G’)°£G’=>(p)°9(G=¢G£((7)°)’. Then AS((T’)")’=((?)°)’ﬁ(7)°;(A=>P¢[A]’ .
This is contrary to the fact that p€[4] .

Definition 3.4 [9]. A f.set 4 in fts X is said to be a f.5-nbd(f.6-nbd) of a . ..

f.point p if and only if there exists a f.reqularly open q-nbd(f.closed q-nbd)
V of p such that ¥q4’.

Theorea 3.2. If f:X—Y is a mapping, then the following are equiva]entil |

(a) f is f.alwost continuous. ' |

(b) fL[fW)]- for every f.set U in X.

(c) The inverse image of every f.5~closed set in Y is f.closed set in X.

(d) The inverse image of every f.&-open set in Y is f.closed set in X. _

(e) For each f.point p in X and each f.&-nbd X of f(p), f~1(N) is a q-nbd of :

p. |

Proof. (2)=(b): Let pEU and let ¥ be a f.open q-nbd of .f(p). Then there
exists a f.open q-nbd ¥ of p such that fW)Y <)o, Now, peEU=WqU=f (W)qf (1) =
P)oqf (W) =1 (p) € LFWN - =pe f~1(LFM ). Thus USFH(IFW]) so that 0
<lrwni-. .

(b)=>(c): Let K be f.6-closed set in Y. Then [K] =K and hence by (a), f
GFTaEI UG ENT <Kl =K so that FIR) <K, Thus f7HK) s
f.closed set.

(c)=(d): Let K be f.5~open in Y. Then X’ is f.5~closed and by (c), F 1(K’) .
is f.closed. Since f~1(K’)=(f1(K))’, f~1K) is f.open.

(d)=(a): Let p be a f.point in X and ¥ any f.open q-nbd of f(p). Then o
is a f.regularly open gq-nbd of f(p). Since f.regularly open sets are f.5-open,
(V)° is f.5open. By (d), F-1((¥)°) is a f.open set in X and p%(f"((i_’)"))’.

Putting B=(f-1((¥)°))’, since B is a f closed set, there exists a f.open
_- 22 -
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q-nbd U of p such that UgB. Then pqU<B’ =f-1({(¥)°) which proves that f(U)<
(7)°. Next we show that pd (f-1((¥)0)’. If p€(f1((¥)°)’, then
F(p) (Fxp)) =plxp) S(F71 (7)) (xp) = ((1)°)" (F(xp)). (1)

Now since ¥ is f.open, V< (¥) so that ¥’ (f(xp)) 2((¥))’ (f(xp)). Then since ¥
is a g-nbd of f(p), we have f(p)(f(xp))+¥/(f(xp))) 1 which implies

£ (Fxp)) ) 77 (f(x)) Z(()O) (F(xp)). (2)
Clearly, (1) and (2) are incompatible.

(a)=>(e): Let p be a f.point in X and N any £.5-nbd of f(p). Then there
exists a f.open qg-nbd ¥ of f(p) such that (17)°5(N’. Since f is f.almost conti-
nuous, there exists a f.open q-nbd U of p such that F) <WP)O<N, so that UL
f~1(N) and hence f~!(N) is a q-nbd of p.

(e)=(a): Let p be a f.point in X and ¥ any f.open g-nbd of f(p) in Y. Then
(¥)° is a £.6-nbd of f(p). By (e), F-1((#¥)°) is a g-nbd of p. Hence there

exists a f.open set U such that pqU<f-1((¥)°) so that f(0) <#)°. Thus f is

f.almost continuous.

Theorem 3.3. let X, Y and Z be fts’s such that Y is product related to Z.
Let"ifﬁX—-—>Y and f2:X—>Z be any mappings. Then f:X—>YXZ, defined by
FO)=(f1(x), f2(x}), for all x€X, is f 6—continuous if and only if fi and f2
are’ so.

Proof. Let p be f.point of X and U1, Uz be f.open g-nbd of fi(p) and f2(p)
in Y and Z, respectively. Then Ui XUz is clearly a f.open q-nbd of f{(p). Since
f is f.6—continuous, there exists a f.open q-nbd ¥ of p in X such that fm<

UrXUa=U; XUz. By Lemma 2.9 (a) in [7], then we have f1(¥)<Ui and f2(¥) <Uz,
so that fi1 and fz are f.6-continuous.

Conversely, let p be f.point of X and W be any f.open g-nbd of f(p) in XXZ.
Then by Lemma 2.9 (b) in [7], there exist f.open g-nbds Ui of fi(p) and Uz of
f2(p) such that f(p)qUs XUz<W. Since fi and fz are f.6—continuous, there exi-
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st f.open q-nbds ¥y and ¥z of p in X such that f1(V1) <Uy and f2(¥2) <Uz, so
that f1 (V1) X f2(Fz2) <U; XUz. Now by hypothesis, putting ¥=ViNVz, ¥ is obvio- .

usly a f.open q-nbd of p and f(¥) <FLPD) X f2(P2) <Oy XUz <Uy XUz <W. Hence f

is f.6—continuous. 1.7

Theorem 3.4. Let X and Y be fts’s such that X is product related to Y. Let.2io
fiX—>Y be a mapping and g:X—>XXY, given by g(x)=(x,f(x)) for each XeXx, "ot
be the graph mapping. Then g is f.6—continuous if and only if f is f.6- Wy
continuous. Q)

Proof. Let p be a f.point in X and ¥ be any f.open q-nbd of f(p). Thén XXV 1
is f.open set and g{p)gXX¥. Since g is f.6-continuous, there exists f.open

q-nbd U of p such that g <XXV=XXV. Also since g is graph of f, we have‘:

£ <V. Hence fis f.6—continuous.

Theorem 3.5. lLet X, Y and Z be fts’s and f:X—>Y and g:Y—>Z be K
f£.6—continuous. Then the composite mapping gef* X—Z is f.6-continuous.

Proof. Let p be any f.point in X and N be any f.6-nbd of g(f(p)). Since g
is f.6—continuous, g~1(N) is f.6-nbd of f(p). Also since f is f.6—continuous,
f~1(g~1(N)) is f.6-nbd of p. But (gef)~t(N)=f"1(g *(N)). Therefore gef is f.6

—continuous.

Definition 3.5 [10]. f is said to be f.almost quasi—compact if it is onto

and ¥ is f.open in Y whenever f~1(¥) is f.regularly open in X.

Theorem 3.6. Let f:X—>Y be onto. The following conditions are equivalent:
(a) f is f.almost quasi-compact.
(b) ¥ is f.closed in Y for every f.regularly closed f~'(¥F).
(c) f(W) is f.closed in Y for every f.regularly closed inverse set U.
(d) f(U) is f.open in Y for every f.regularly open inverse set U.
- 24 ~
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Proof. (a)=(b): let f-1(¥) be f.regularly closed in Y. Then f~1(/’)=m
f~1(¥’) is f.regularly open in X. By (a), ¥’ is f.open in Y. Hence V is
f.closed in Y.

(b)=(c): Let U be f.regularly closed inverse set. Since fri(fW) =y is
f.regularly closed in X, f(U) is f.closed in Y.

(c)=(d): let U be f.regularly open inverse set. Then U’ is f.regularly
closed. Since f is onto and U is inverse set, fQY =f-1(FW ) =fWU).
Thus f"(f(U’))=f"(fr(U)’)=U’. That is, U’ is inverse set. By (c), f(U')=
f(U’) is f.closed. Hence f(U) is f.open set.

(d)=(a): Let f-1() is f.regularly open. Since f is onto, -1 is
f.regularly open invers set. By (d), f(f~1(I))=V is f.open. Thus f is almost
quasi-compact.

Definition 3.6 {10]. F is said to be

(z;) f.almost open if the image of every f.regulary open set of X is f.open
inY.

(b) f.almost closed if the image of every f.regulary closed set of X is
f.closed in Y.

If f:X—>Y is bijective, by Nanda [10], then the following statements are

equivalent: X
(a) f is f.almost open.
(b) f is f.almost closed.

(¢) f is f.almost quasi—compact.
(d) f-! is f.almost continuous.

Definition 3.7 [9]. A fts X is said to be
(a) f.almost regular if for each f.regularly open set ¥ and each f.point

pqV, there exists a f.regularly open set U such that pqU U<y,
(b) f.semi-regular if for each f.open set ¥ and each f.point pq¥, there

exists a f.open set U such that pF < (V)OLV,

Theorem 3.7. A fts X is f.almost regular if and only if [4]-={[A]e for every
—_ 25 -
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f.set A4 of X.

Proof. In (9], [4le>[4] . Thus we show that (4le<([4] ~. Let pgEl4] . Then
there exists a f.regularly open q-nbd ¥ of p such that F¢A. Since X 1is
f.almost regular, there exists a f.regularly open set U such that quSEﬁV.
Then VqA=>A<V’ <)’ =Uga=pé [4le.

Conversely, let V. be a f.regularly open set and p be a f.point with pa¥.
Then since ¥’ is f.&—closed in X, pgr =[] =[¥’]e. Thus there exists o

£.open q-nbd U of p such that Ugt”, so that (J)o<ro<¥. Putting G=(U)°, then

G is f.regularly open set in X such that quSESl?SV. Hence X is f.almost
regular.

Theorem 3.8. A fts X is f.almost regular if and only if A=[4le for every
f.semi—open set 4 of X.

Proof. follows easily by virtue of Lemma 3.1 and Theorem 3.7.

Theorea 3.9. A fts X is f.semi-regular if and only if 4=[4); for each f.set” :
A of X. ) T

Proof. The necessary condition is sufficient to show that [A];‘SZ. Let péi.
Then there exists a q-nbd ¥ of p such that V‘](A. Since X is f .semi-regular,:
there is a f.open set U such that pqU< (1) <LV. Then i"g(A:"(ﬁ)oSVSA’:-‘l‘(_lj)"y(A
=p¢l4lc. .

Conversely, let ¥ be f.open set and p be any f.point with pg¥. Since ¥'oois -
f.closed set, pE#V;:[V’]'. Then there exists a f.open q-nbd U of p such that -

(E)%V’, so that (I)°<¥. Hence X is f.semi-regular.

Theorem 3.10. If f:X—>Y is a f.weakly continuous and Y is f.almost regular,
then f is f.almost continuous.

Proof. Let p be a f.point in X and let # be a f.open g-nbd of f(p). Since Y
is f.almost regular, there exists a f.regularly open set ¥ such that f(p)qNSﬁ

< (H)°. By f.weakly continuity of f, there exists a f.open q-nbd U of p such
—_ 26 -
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that pql/ and f(U) <N<(M)°., Thus f is f.almost continuous.

By the above theorem, the following corollary is easily obtained.

Corollary 3.11. Let f:X—>Y be a mapping. If Y is f.almost regular, then
the following are equivalent:

(a) f is f.weakly continuous.

(b) f is f.6—continuous.

(¢) f is f.almost continuous.

Theorem 3.12. If f:X—>Y is a f.weakly continuocus, f.almost open, and X is
f.semi-regular, then f is f.almost continuous.

Proof. Let p be a f.point in X and ¥ be any f.open g-nbd of f(p). Since f is

f.weakly continuous, there exists a f.open q-nbd U of p such that 7 <V. By

f.semi-regularity of X, there exists a f.open set ¥ such that pq¥ and v<(W)o

<U; Since f is f.almost open and (W)° is f.regularly open, f(W)<f((W)°)<

("e. Thus f is f.almost continuous.

Theorem 3.13. If f:X—>Y is a f.almost open and f.6—continuous, then f is
f.almost continuous.

Proof. Let p be a f.point in X and ¥ be any f.open q-nbd of f(p). Then since

f is f.6-continuous, there exists a f.open q-nbd U of p such that f(U) <V,

Since f is f.almost open and (U)° is f.regularly open, f((¥)°) is f.open. Thus
ve have f(U) <F((I)9) <(f(¥))°. Therefore f(U)<(¥)°. This shows that f is
f.almost continuocus.

By the theorem 3.12 and Theorem 3.13, the following corollary is easily

obtained.

Corollary 3.14. Let f:X—>Y be f.almost open mapping.
(a) f is f.almost continuous if and only if f is f.6-—continuous.

- 27 -
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(b) Let X be f.semi-regular. Then f is f.almost continuous if and only if f
is f.weakly continuous.
Thus, if f 1is f.almost open and X is f.semi-regular, then f.almost

continuity, f.6-continuity and f.weakly continuity are equivalent.

Theorem 3.15. Let f:X—>Y be f.6-—continuous, f.almost open, f.almost closed
and onto. If X is f.almost regular, thenY is also f.almost regular.
Proof. Let f(p) be a f.point in Y and B be any f.regularly open set such

that f(p)qB. By theorem 3.13 and theorem 3.5 in (8], f~1(B) is a f.regularly .

open set of X such that pqf~*(B). Since X is f.almost regular, there exists a

f.regularly open set U such that pqUSU<Lf-1(B). Since f is f.almost closed,

f(U) is f.closed. Hence FWYLfW) and f(p)af(U). Putting V= (F())°, then ¥

is f.regularly open set such that f(p)g¥ and ¥=((f(1N)°) <fW) <f(U)<B. Thus o

Y is f.almost regular.

Definitions 3.8 [13]. A fts X is said to be f.Urysohn if for any distinct
f.points p and r in X(i,e., satisfying xp¥xr), there exist f.open sets U and

¥ scuh that pqU, ro¥ and InV=e.
Theorem 3.16. Let f:X—>Y be f.6—continuous and one-to—one. If Y is
f.Urvsohn space, then X is also f.Urysohn, R
Proof. Let p and r be distinct f.points in X. Then f(p) and f(r) are disti-

nct f.points in Y. By f.Urysohn property of Y, there exist f.open sets ¥1 and ’

V, in Y such that f(p)g¥1, f(r)q¥z and ViNVz=¢. Since f is f.6—continuous,
there exist f.open sets Ui and Uz such that pqUi, rqUz, flup) <¥y and fW2) <
V2. Since f is one-to—one,

Us NTz=f"1 (f(T5) NF~1(fW2))

=1 (f([U) NFW2)) <f~1 (¥ NW2) =9,
Thus X is f.Urysohn.
- 28 —
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